A complete and explicit classi cation of all locally constructed conserved currents and underlying conserved tensors is obtained for massless linear symmetric spinor elds of any spin s > 1 2
2
analogue of a novel chiral tensor found in the spin s = 1 case. The chiral tensor possesses odd parity under a duality symmetry (i.e. a phase rotation) on the spin-s eld, in contrast to the even parity of the stress{energy and zilch tensors. As a main result, it is shown that every locally constructed conserved current for each s > 1 2 is equivalent to a sum of elementary linear conserved currents, quadratic conserved currents associated with the stress{energy, zilch and chiral tensors, and higher-derivative extensions of these currents in which the spin-s eld is replaced by its repeated conformally weighted Lie derivatives with respect to conformal Killing vectors of ®at spacetime. Moreover, all of the currents have a direct uni ed characterization in terms of Killing spinors. The cases s = 2, s =
Introduction
In classical relativity theory, the fundamental spinor equations describing propagation of free massless spin-s > 1 2 elds in spacetime have many interesting aspects (Penrose & Rindler 1986) . In particular, due to their linear nature, these eld equations have long been known to admit a rich structure of conserved currents and symmetries, although few complete results on this structure have been obtained to date (Fushchich & Nikitin 1994) .
A main motivation for studying conserved currents of massless spin-s elds is to nd a complete set of conserved quantities characterizing the propagation of electromagnetic waves and linearized gravity waves in the cases s = 1; 2, as well as the propagation of neutrinos in the case s = case s =
2
). In recent work (Anco & Pohjanpelto 2001 on the spin-1 eld equations (i.e. Maxwell's equations) in ®at spacetime, using spinorial techniques and general conservation-law methods (Olver 1993; Anco & Bluman 1997 , we obtained a complete and explicit classi cation of all conserved currents that are locally constructed from the spin-1 eld strength and its derivatives to any order. A principal result for the spin-1 eld equations is that, in addition to the elementary linear currents and the well-known quadratic stress{energy and zilch currents, there are also quadratic chiral currents (Fushchich & Nikitin 1994; Anco & Pohjanpelto 2001) which, in contrast to the stress{energy and zilch currents, possess odd parity under the duality symmetry interchanging the electric and magnetic components of the spin-1 eld strength. Moreover, all of these currents have higher-derivative extensions (see Pohjanpelto 1995) obtained by a repeated replacement of the eld strength by conformally weighted Lie derivatives with respect to conformal Killing vectors of ®at spacetime. Our classi cation establishes that every conserved current locally constructed from the spin-1 eld strength and its derivatives is equivalent to a linear combination of the elementary currents, the even-parity stress{energy and zilch currents, the odd-parity chiral currents, and their higher-derivative extensions.
In this paper we generalize the previous classi cation results on conserved currents to the massless spin-s eld equations for all s = 1 2 ; 1; 3 2 ; 2; : : : in ®at spacetime. Besides spin-s analogues of the electromagnetic stress{energy and zilch conserved currents, we also obtain new chiral conserved currents analogous to those in the spin-1 case, as well as higher-derivative extensions of these currents given by a repeated application of conformally weighted Lie derivatives on the spin-s eld. We show that the resulting set of quadratic currents, together with the set of elementary linear conserved currents, yields a complete and uni ed classi cation of all conserved currents locally constructed from the spin-s eld strength and its derivatives to any order. Furthermore, we derive underlying conserved tensors associated with these conserved currents, giving a spin-s generalization of the electromagnetic energy tensor, zilch tensor and new chiral tensor from Anco & Pohjanpelto (2001) .
In x 2 we state the main results and outline our classi cation method, which makes essential use of adjoint symmetries of the massless spin-s eld equations. Adjoint symmetries are solutions of the formal adjoint equations of the determining equations for symmetries, and they give rise to conserved currents through a conservationlaw identity involving the scaling symmetry of the spin-s eld. Hence our analysis involves a complete classi cation of the adjoint symmetries of massless spin-s > 1 2 elds in ®at spacetime. These are found to be characterized in terms of Killing spinors, which are spinorial generalizations of Killing vectors related to twistors (Penrose & Rindler 1986) . Killing spinors in ®at spacetime admit a factorization into sums of symmetrized products of twistors. This important property allows the adjoint symmetries of massless spin-s elds to be classi ed in a simple and uniform way, which is pivotal for our results. We carry out the classi cation analysis of adjoint symmetries in x 3.
In x 4 we present the details of our classi cation of conserved currents. The resulting set of conserved quantities obtained from these currents is exhibited in x 5 and some aspects of their physical meaning are discussed. Finally, we make some concluding remarks in x 6.
Method and main results
In four-dimensional ®at spacetime M = (R 4 ; ² ab ), the spinor equations describing free massless spin-s > where ¿ A1¢¢¢A2s is a symmetric spinor representing the spin-s eld strength (Penrose & Rindler 1986 ). Here, @ AA 0 = e a AA 0 @ a is the spinorial derivative associated with the metric compatible derivative @ a on M , i.e. @ c ² ab = 0; e a AA 0 is the soldering form given by a complex-valued null tetrad basis for the metric ² ab satisfying e a AA 0 e b BB 0 ² ab =°A B°A 0 B 0 , where°A B is the spin metric. Throughout this paper, we use the index notation and conventions of Penrose & Rindler (1986) ; the metric signature is (+; ¡ ; ¡ ; ¡ ) and the spin metric is used for raising/lowering indices. Note that, in standard Minkowski coordinates x · , the components of the derivative operators @ a and @ AA 0 are simply the coordinate par-
, respectively, with
It is convenient to introduce the jet spaces J q (¿ ), 0 6 q 6 1, using the spinorial where the coordinates of a point in J q (¿ ) are identi ed with a spacetime point
and the values of the spin-s eld strength ¿ A1:::A2s (x) and its derivatives @ 
A locally constructed conserved current of the massless spin-s eld equations (2.1) is a vector function ª a de ned on some J q (¿ ) satisfying
We refer to the integer q as the order of ª a . The conserved current (2.8) is trivial if
where £ ab = ¡ £ ba is some skew-tensor function on J p (¿ ). Two conserved currents are considered equivalent if their di¬erence is a trivial conserved current. The smallest integer among the orders of all conserved currents equivalent to ª a is called the order of the equivalence class of conserved currents ª a . In spinor form, a conserved current of order q is a spinor function ª
which is trivial if 
A) = 0, and a real conformal Killing{Yano tensor (Dietz & R udiger 1981a; b 
is represented by a symmetric spinor function where L ± is the standard spinorial Lie derivative (see Penrose & Rindler 1986 ) and
. A straightforward calculation shows that, due to the linearity and conformal invariance of the eld equations (2.1),L ± ¿ A1 :::A2s (x) is a solution whenever ¿ A1:::A2s (x) is one. Geometrically, we haveL ± ¿ A1:::
where « (x) is the conformal factor of the spin metric°A B ! «°A B under the oneparameter local conformal isometry of M generated by ± (see Wald 1984) , with the 1 2 1219 corresponding conformal weight of ¡ 1 assigned to ¿ A1:::A2s . The Lie derivatives L ± and L ± have a natural lift to operators on J 1 (¿ ) obtained by replacing @ AA 0 with D AA 0 .
Note that, consequently,L ± is well de ned on R 1 (¿ ).
The elementary linear real-valued conserved currents of the massless spin-s eld equations (2.1) are given by (2.14)
It is straightforward to verify that (2.13) is a conserved current of (2.1) due to (2.14). The stress{energy currents, zilch currents, and chiral currents in Anco & Pohjanpelto (2001) for electromagnetic elds generalize to massless spin-s elds as follows: We refer to these as the (higher-order) stress{energy, zilch and chiral currents, respectively. A discussion of their physical nature is given in x 5.
Higher-order elementary currents
A is a solution of (2.14) whenever ! A construction for an explicit basis of linearly independent conserved quantities arising from these quadratic currents is outlined in x 5. We remark that in the case s = 1 the count formulae in theorem 2.3 reduce to the results obtained in Fushchich & Nikitin (1992) and Anco & Pohjanpelto (2001 The conserved tensors (2.31) and (2.32) have higher-order extensions
Proposition 2.4. The spinor functions (2.26){(2.29) yield real-valued conserved tensors of the massless spin-s¯eld equations (2.1), given by
for real conformal Killing vectors ± , for every n > 0. By taking ± to be a constant Killing vector in (2.34){(2.36) and factoring it out, one obtains higher-rank energy tensors, zilch tensors and chiral tensors that are locally constructed in a covariant fashion purely from the variables (2.3) and the spin metric. We will prove a classi cation result for such covariant conserved tensors in subsequent work (Anco & Pohjanpelto 2002b ). Finally, we remark that the extended energy tensor (2.26) also arises naturally from the so-called super-energy construction (Senovilla 2000) applied to the massless spin-s eld equations (2.1). Further properties of (2.26), in particular a dominant energy condition, can be obtained from the results in Senovilla (2000) .
(b) Preliminaries
Here we outline the main steps in the proofs of the classi cation theorems of the previous section. For any conserved current (2.8) of order q, it is convenient to consider an equivalent conserved current, which we again denote by ª . Given a characteristic Q, one can employ a locally constructed integral formula (Olver 1993; Anco & Bluman 2002a,b) to obtain a conserved current ª AA 0 satisfying (2.37) (namely, solving the divergence equations by an application of the homotopy operator of the Euler{Lagrange complex (Anderson 1992) on the jet space
It can be straightforwardly shown that, for s > 1, the gradient expressions istic Q that determines a trivial conserved current (2.11) with
and£ AB = ¡À A1 :::A2s¡ 2 ¿ ABA1:::A2s¡ 2 due to identities (2.7). Moreover, by the linearity of the eld equations (2.1), one can show (Olver 1993 ) that a conserved current with a characteristic Q that vanishes on some R q (¿ ) is trivial. Consequently, we call a characteristic Q trivial if it agrees with symmetrized spinor gradients (2.39) when restricted to some R p (¿ ). Two characteristics are considered to be equivalent if their di¬erence is a trivial characteristic. By the same proof as in the case s = 1 given in Anco & Pohjanpelto (2001) , we now nd the following relationship between conserved currents and characteristics.
Theorem 2.5. There is a one-to-one correspondence between equivalence classes of conserved currents and equivalence classes of characteristics for the massless spin-s > Necessary conditions for a pair of spinor functions (2.38) to satisfy the characteristic equation (2.37) can be obtained by the use of the standard Euler operator (Olver 1993) that annihilates total divergence expressions on J 1 (¿ ). In particular, one can show that the symmetrized divergences D (2.43). We call P an adjoint gauge symmetry if it agrees with (2.44) on R r¡1 (¿ ), and we consider two adjoint symmetries to be equivalent if their di¬erence is an adjoint gauge symmetry. The order r of an adjoint symmetry P is called minimal if it is the smallest among the orders of all adjoint symmetries equivalent to P . If P is not equivalent to an adjoint gauge symmetry, then we call P non-trivial. Note that equations (2.43) do not admit any adjoint gauge symmetry solutions when s = 1 2 . Thus, all characteristics Q of conserved currents of the massless spin-s > 1 2 eld equations (2.1) are adjoint symmetries. However, an adjoint symmetry P is not a characteristic of a conserved current unless it satis es the characteristic equation (2.37). This requires certain di¬erential conditions (Olver 1993; Anco & Bluman 1997 to hold on P in addition to (2.43). Indeed, massless spin-s > 1 2 elds admit non-trivial adjoint symmetries that fail to be equivalent to characteristics, similarly to the case s = 1 treated in Anco & Pohjanpelto (2001) . Nevertheless, due to the linearity of the eld equations (2.1), this di¯culty can be bypassed by employing a variant of the standard integral formula for constructing a conserved current (2.37) from its characteristic Q.
Let The proof of these results is analogous to that presented in Anco & Pohjanpelto (2001) for the case s = 1. We remark that the conserved current formula (2.45) originates (Anco & Bluman 1996 , 1997 be the scaling symmetry of the eld equations (2.1), then replacing the variables ¿ ; · ¿ by the one-parameter scaling ¶ ¿ ; ¶ · ¿ , and nally dividing by ¶ and integrating from ¶ = 0 to ¶ = 1. In comparison, the standard integral formula arises in a similar manner (Anco & Bluman 2002a,b) from a well-known identity (Anderson 1992; Olver 1993) relating the Euler operator and linearization operator on J 1 (¿ ) (namely, the rst variational formula of the calculus of variations), applied to the characteristic equation (2.37). As a consequence of theorem 2.5 and proposition 2.6, we are able to establish the classi cation result of theorem 2.2 for all conserved currents of the massless spin-s > (ii) use integral formula (2.45) to construct the conserved currents arising from the equivalence classes of adjoint symmetries found in step (i);
(iii) calculate a characteristic for each equivalence class of conserved currents found in step (ii);
(iv) classify the equivalences classes of characteristics found in step (iii). (Penrose & Rindler 1986 ). The following lemma, which is a consequence of this factorization property, will be pivotal in our analysis of adjoint symmetries and conserved currents. It is straightforward to verify that, due to the invariance of the Killing spinor equation (3.2) under local conformal scalings of the Minkowski metric, the Lie derivative
is again a Killing spinor of the same type. Recall that, if ¿ A1:::A2s (x) is a solution of the massless spin-s eld equations (2.1), then so is its conformally weighted Lie derivativeL ± ¿ A1:::A2s (x) with respect to a conformal Killing vector ± . For convenience we write provided that ± , ¹ ,¨are non-zero.
We next state the classi cation result for adjoint symmetries of all massless spin-s > A agree with the highest-order terms (3.6) and (3.7) in the linear adjoint symmetries (3.4) and (3.5) up to an adjoint gauge symmetry. Hence, after subtracting these adjoint symmetries from P , one obtains a solution of lower order. Finally, one completes the proof by applying a descent argument with respect to the order of the adjoint symmetry. The details of these steps are similar to those in the case s = 1 in Anco & Pohjanpelto (2001) and therefore will not be repeated here. We remark that the rst step relies on the local solvability (Olver 1993) of the eld equations (2.1), i.e. for each point (2.4) in R q (¿ ) there is a solution ' A1:::A2s (x) of (2.1) such that 
Classi¯cation of conserved currents
We now proceed to determine the real-valued conserved currents arising from the classication of adjoint symmetries in theorem 3.3. To begin, a conserved current ª 
These characteristics are adjoint symmetries of order q W , q T , q Z , q V , where
if n is even, q T < n; if n is odd, (4.9) q Z = n; if n is odd, q Z < n; if n is even, (4.10) Then we repeatedly use the Lie derivative identities (4.17) and (4.18), which leads to the characteristic equation (2.37) for the currents (4.2){(4.4), where Q is given by (4.6){ (4.8). Finally, the characteristic (4.5) is obtained immediately from the total divergence of the current (4.1). From lemma 4.2 combined with proposition 4.1 and theorem 2.5, we now have the following classi cation result for conserved currents. 
and a quadratic current of minimal odd weight w = 2r + 1 is equivalent to a sum of currents
As in the case s = 1, the spans of the respective currents (4.22){(4.24) for xed r > 0 contain non-trivial currents of lower weight, and consequently it is convenient to introduce quotients of the vector spaces V T 2r , V Z 2r+ 1 , V V 2r+ 2 of equivalence classes of these currents of weight at most 2r, 2r + 1, 2r + 2, respectively. Let, for r > 1, (4.25) and
Corollary 4.4. The vector space of all quadratic currents of weight at most w is isomorphic to the direct sum
(4.27)
Moreover, for each r > 0, equations (4.12){(4.14) establish a one-to-one correspondence between the quotient spaces of quadratic currents N (¡ 1)
These characteristics are adjoint symmetries of order q T = 2r, q Z = 2r + 1, q V = 2r + 2, whose highest-order terms are given by (4.12){(4.14), with
One can now use the Killing spinor factorization in lemma 3.1, and corollary 4.4 combined with proposition 4.5, to show by induction that for each r > 0 the characteristics given by (4.6){(4.8) are, respectively, equivalent to a linear combination of the characteristics
involving real conformal Killing vectors % and self-dual conformal Killing{Yano tensors Y for 0 6 n 6 r. Hence, theorem 2.5 now leads to the following classi cation result.
Theorem 4.6. For each integer r > 0, the currents ©
are, respectively, equivalent to a sum of stress{energy currents, zilch currents and chiral currents, Finally, from lemma 3.1 and corollary 4.4, we are able to count the number of linearly independent equivalence classes of conserved currents of any weight, which establishes theorem 2.3. and (4s + 2w + 1)(2w(w + 1)(4s + w)(4s + w + 1) + (2s + w) 2 (2s + w + 1) 2 )=12:
Conserved quantities
Let x · = ft; x 1 ; x 2 ; x 3 g denote the standard Minkowski spacetime coordinates and let § t denote a spacelike hyperplane t = const: Given a locally constructed conserved current ª AA 0 of the massless spin-s eld equations (2.1), let
where t AA 0 is the unit timelike future normal to § t , and ª
evaluated on a smooth solution ¿ A1:::A2s (t; x) of (2.1). Then C
is a conserved (i.e. time-independent) nite quantity, C as is the case with the linear and quadratic currents (4.21){(4.24).
We now give a derivation of conserved quantities arising from the stress{energy, zilch and chiral currents (4.22){(4.24) based on a 3 + 1 split of the spin-s eld equations (2.1) into electric and magnetic parts. 
whereD¢ andD£ denote the standard spatial divergence and curl operators which act on spinorial vector functions v AA 0 satisfying t
Thus, equations (5.2) and (5.3) describe an electric/magnetic formulation of the s = 1 eld equations, comprising a spinorial version of the Maxwell equations. We now proceed analogously for integer spins s = 1; 2; : : : . Write Here the action of the operatorD£ on symmetric spinors in (5.8) and (5.9) is well de ned due to the divergence conditions (a). Note the eld equations (5.8){(a) admit duality rotations generated by the transformation on the electric and magnetic spinors E A1:::AsA but it has no well-de ned decomposition into real and imaginary (respectively, electric and magnetic) parts. Consequently, the time and space components of the spin-s eld equations (2.1) now yield, after some algebraic manipulations, The stress{energy, zilch and chiral currents (2.15), (2.16), (2.17) can be expressed straightforwardly in electric{magnetic form (5.7) and (5.13) for all s > 1 2 . Here we write down the resulting conserved quantities obtained from the associated conserved tensors (2.26), (2.27), (2.28) and (2.29) in some simple cases.
Consider integer spins s = 1; 2; : : : . We will use a dot notation to denote contraction of tensor indices. A complete contraction of the spin-s energy tensor and zilch tensor with the timelike vector t Note that, under the duality symmetry (5.11), the conserved quantities in (5.18) and (5.19) display manifest invariance, whereas the conserved quantities in (5.20) and (5.21) are chiral. The quantity (5.18) has an obvious interpretation as a non-negative energy density of spin-s electric and magnetic elds. Similarly, the quantity (5.19) can be interpreted as a signed power density where the sign is determined according to decomposing the spin-s electric and magnetic elds into positive and negative frequency components. Indeed, for positive/negative frequency plane waves E A1:::AsA 
Similar expressions to (5.18){(5.21) are obtained for half-integer spins s = 1 2 ; 3 2 ; : : : . However, the interpretation of these quantities changes. In particular, the quantity arising from the complete contraction of the tensor T ) particle density expression t
Here we outline an algorithm for constructing an explicit basis for the vector spaces spanned by the stress{energy, zilch and chiral currents.
To begin we write explicit expressions for conformal Killing tensors and conformal Killing{Yano tensors, given by solutions of the Killing spinor equations (3.2). In spinor form, complex-valued conformal Killing vectors and self-dual conformal Killing{Yano tensors are quadratic polynomials (5.24) in the Minkowski spacetime coordinates x CC 0 , where with constant symmetric spinor coe¯cients ® (p;q) , where 0 6 q 6 min(k; p).
Fix a spinor basis fo
A ;´Ag satisfying o A´A = 1. This determines a corresponding nulltetrad basis for the vector space of constant spinorial vectors
and of constant self-dual spinorial skew-tensors w are in oneto-one correspondence with Killing spinors, respectively, of type (w + 2s ¡ 1; w + 2s ¡ 1) R and (w ¡ 1; w + 4s ¡ 1) if w is even and of type (w + 2s ¡ 1; w + 2s ¡ 1) R if w is odd. These Killing spinors are given by sums of monomials (5.25) of degree 0 6 p 6 2w + 4s ¡ 2, with k = w + 2s ¡ 1, l = 0, and k = w ¡ 1, l = 2s when w is even, and k = l = w + 2s ¡ 1 when w is odd. The algorithm now proceeds in three steps: 
Concluding remarks
In this paper we have presented a complete and explicit classi cation of all locally constructed conserved currents for massless linear symmetric spinor elds of spin-s > 1 2 in Minkowski spacetime. This work generalizes the recent classi cation results we obtained (Anco & Pohjanpelto 2001 ) for all conserved currents locally constructed from the electromagnetic eld strength in the case s = 1. Our results give a spin-s > 1 2 generalization of the new electromagnetic chiral tensor found in the spin-1 case, in addition to spins > 1 2 generalizations of Lipkin's electromagnetic zilch tensor (Lipkin 1964; Kibble 1965) and the well-known electromagnetic energy tensor (Bessel-Hagen 1921) . The chiral tensor is physically interesting as it possesses odd parity under the interchange of the electric and magnetic parts of the spin-s = 1; 2; : : : eld strengths (and under a phase rotation on the spin-s = 1 2 ; 3 2 ; : : : eld strengths), in contrast to the even parity of both the energy and zilch tensors. In particular, the duality symmetry of the spin-s eld equations is broken by the conserved currents associated with the chiral tensor, and hence these chiral currents distinguish between pure`electric' and pure`magnetic' eld strengths.
Moreover, our results yield a complete set of conserved quantities locally constructed from the spin-s > 1 2 eld strength. While the physical interpretation of these quantities apart from the well-known energy, momentum, stress, angular and boost momentum obtained from the energy tensor have yet to be fully explored, they provide new constants of motion characterizing the propagation of massless spin-s > 1 2 elds in ®at spacetime, which is of obvious interest in the study of, for example, gravitons (s = 2), neutrinos (s = 1 2 ) and gravitinos (s = 3 2 ). In particular, the zilch tensor yields physically meaningful quantities related to the positive/negative frequency power spectrum of the propagating elds.
Our classi cation results are also applicable to the problem of constructing all consistent nonlinear interactions of spin-s > 1 2 gauge elds. As shown in the work of Anco (1992) , Barnich & Henneaux (1993) and Henneaux (1998) , conserved currents of the linear eld equations play a central role in the construction by determining possible quadratic interaction terms for nonlinear spin-s gauge eld equations.
Finally, our methods and results can be extended directly from the linear massless spin-s > The invariance of (6.1){(6.3) under local conformal scalings of g ab allows for a complete and explicit classi cation of the resulting spin-s conserved currents. Corresponding conserved tensors arise from the conserved currents, as in ®at spacetime. Note that the restriction to conformally ®at metrics is necessary for the well-posedness (local solvability) of the eld equations (6.1) for s > 1, due to the well-known algebraic consistency conditions (Wald 1984; Penrose & Rindler 1986 ) occurring on solutions of (6.1). In the cases s = 1 2 and s = 1, the eld equations (6.1) are well-posed (locally solvable) without conditions on g ab . However, the Killing spinor equations (6.3) possess, independently of s, similar algebraic consistency conditions relating the Killing spinor and the curvature spinor of g ab (Penrose & Rindler 1986 ). Consequently, non-trivial spin-1 2 and spin-1 conserved currents exist only for certain curved metrics g ab , as pointed out in Anco & Pohjanpelto (2001) . Particularly interesting here is the Kerr blackhole spacetime metric, for which the geodesic equations are known to possess an extra conserved quantity related to the existence of a Killing{Yano tensor (Walker & Penrose 1970) .
Finally, in the spin-2 case, recall that the massless eld strength ¿ ABCD describes (Wald 1984; Penrose & Rindler 1986 ) perturbations of the spacetime metric g ab satisfying the vacuum Einstein eld equations. In particular, if g ab is linearized around a background Minkowski metric ² ab , then the corresponding linearization of the curvature spinor C ABCD of g ab is given by ¿ ABCD satisfying (2.1). We thereby nd that the spin-2 energy tensor (2.26) corresponds to the spinorial form of the Bel{Robinson tensor (Penrose & Rindler 1986) ,
By the same correspondence, the spin-2 zilch tensor (2.27) and chiral tensors (2.28) and (2.29) lead to analogous tensors constructed from derivatives of the curvature spinor, namely, i · C where c:c: denotes the complex conjugates of all preceding terms. While the gravitational zilch tensor (6.5) has long been known (Feldman 1965; Wallace & Zund 1979) as a counterpart of the electromagnetic zilch tensor (Lipkin 1964; Kibble 1965) , the gravitational chiral tensors (6.6) and (6.7) are, apparently, new. Discussion of the properties and signi cance of these chiral tensors in general relativity will be left for elsewhere.
